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The certainty principle II
Proof of the uncertainty principle
D. A. Arbatsky∗
March, 2006
Abstract
A more detailed derivation of the Heisenberg uncertainty principle from the certainty principle is given.
Introductory remarks. After publication of the paper [1] I received many letters, including those with refer-
ences. In this connection, I think it is necessary to specify the following:
1. The metric introduced by me (“quantum angle”) is known to mathematicians from 1904 as Fubini-Study
metric.
2. The correct “uncertainty relation” (in fact, certainty relation) for the quantities energy - time was first
suggested by Mandelshtam and Tamm [2].
3. Mandelshtam and Tamm studied a quantum system in the Schro¨dinger representation and did not use group
theory methods. For this reason they could not understand that their result has more general character.
4. In contrast, I used group theory formulations. And implied that the system can be studied, in particular,
in the representation of relativistic canonical quantization [4]. This allowed me to formulate the certainty
principle and to suggest more general inequalities.
Some of my critics refused to believe that the Heisenberg uncertainty principle is really a consequence of the
certainty principle. They claimed that “this can not be so, because this can never be so”.
Nevertheless, this is so. And here I give a more detailed explanation.
Derivation of the uncertainty principle. Suppose that for a given quantum system we succeeded to find
some observable X , that can be considered in some sense a “coordinate operator”.
Suppose that X is a self-adjoint operator with continuous spectrum, X = X∗ . Let us denote Ω(a,b) its spectral
projector1 for an arbitrary real interval (a, b) .
Suppose also that we have a self-adjoint operator P , P = P ∗ , such that for any a , b and δx we have equality:
e+ i δx P/~ Ω(a+δx,b+δx) e
− i δx P/~ = Ω(a,b) ,
i. e. P is a “generator of spectral shifts” for X . As we know, such an operator is usually an operator of
momentum.
Suppose now that the system is in state 〉 , 〈 | 〉 = 1 .
The quantity 〈Ω(a,b) 〉 , obviously, defines the probability to find the system inside the interval (a, b) . Let us
define such l and r , that
〈Ω(−∞,l) 〉 = 〈Ω(r,+∞) 〉 = 12 − 12
√
1− cos2 1 ≈ 0, 07926 . . .
∗http://daarb.narod.ru/ , http://wave.front.ru/
1Roughly speaking, spectral projector is an operator nullifying wave function in X -representation outside of the given interval.
1
It is easy to see, that l and r exist2. So, the quantity δ〉X = r − l can be naturally called “uncertainty” of the
coordinate X .
T h e o r e m. The following inequality takes place (the uncertainty principle):
δ〉X∆〉P > ~ (1)
In order to prove this theorem let us first estimate the scalar product of the vector 〉 and the shifted vector
e− i δ〉X P/~ 〉 : ∣∣ 〈 | e− i δ〉X P/~ 〉 ∣∣ = ∣∣ 〈 (Ω(−∞,r) +Ω(r,+∞) ) e− i δ〉X P/~ 〉
∣∣ =
=
∣∣ 〈 Ω(−∞,r) e− i δ〉X P/~ 〉 + 〈Ω(r,+∞) e− i δ〉X P/~ 〉
∣∣ 6
6
∣∣ 〈 Ω(−∞,r) e− i δ〉X P/~ 〉
∣∣ + ∣∣ 〈Ω(r,+∞) e− i δ〉X P/~ 〉
∣∣ =
=
∣∣ 〈 (Ω(−∞,r))2 e− i δ〉X P/~ 〉
∣∣ + ∣∣ 〈 (Ω(r,+∞))2 e− i δ〉X P/~ 〉
∣∣ =
=
∣∣ 〈 Ω(−∞,r) e− i δ〉X P/~ Ω(−∞,l) 〉
∣∣ + ∣∣ 〈Ω(r,+∞) e− i δ〉X P/~ Ω(l,+∞) 〉
∣∣ 6
6 〈Ω(−∞,r) 〉1/2 〈Ω(−∞,l) 〉1/2 + 〈Ω(r,+∞) 〉1/2 〈Ω(l,+∞) 〉1/2 =
=
√
1
2 +
1
2
√
1− cos2 1 ·
√
1
2 − 12
√
1− cos2 1 +
+
√
1
2 − 12
√
1− cos2 1 ·
√
1
2 +
1
2
√
1− cos2 1 = cos 1 .
Here, coming from the fifth to the sixth line, we estimated both terms by the Cauchy-Bunyakovsky-Schwarz
inequality.
So, for the quantum angle between the initial and the shifted vectors we have estimation:
∠
( 〉 , e− i δ〉X P/~ 〉 ) > 1 .
But it means that under the action of e− i δ〉X P/~ the vector 〉 changes substantially [1].
Applying the certainty principle [1], we directly get (1). 
Discussion. Historically, it stacked up so [5] that now in all textbooks the Heisenberg uncertainty principle is
illustrated with the help of the Kennard inequality,
∆〉X∆〉P >
~
2
,
which is not identical with (1). Its undoubted virtue is that its proof is easier to understand for a person, who just
starts to study quantum mechanics. Nevertheless, I believe that (1) is more fundamental.
Acknowledgements. In closing I want to thank T. A. Bolokhov, A. V. Ossipov, E. V. Aksyonova, A. Yu. Tos-
chevikova, A. Kleyn, M. Gatti, A. K. Pati, and P. Enders for helpful discussions, references and help in procuring
literature.
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Ïðèíöèï îïðåäåë¼ííîñòè II
Äîêàçàòåëüñòâî ïðèíöèïà íåîïðåäåë¼ííîñòè
Ä. À. Àðáàòñêèé
∗
Ìàðò 2006 ã.
Àííîòàöèÿ
Ïðèâîäèòñÿ áîëåå äåòàëüíûé âûâîä ïðèíöèïà íåîïðåäåë¼ííîñòè åéçåíáåðãà èç ïðèíöèïà îïðåäåë¼ííîñòè.
Ââîäíûå çàìå÷àíèÿ. Ïîñëå îïóáëèêîâàíèÿ ñòàòüè [1℄ ÿ ïîëó÷èë ìíîãî îòçûâîâ, â òîì ÷èñëå ñ ëèòåðàòóðíûìè
óêàçàíèÿìè. Â ñâÿçè ñ ýòèì, ñ÷èòàþ íåîáõîäèìûì óòî÷íèòü ñëåäóþùåå:
1. Ââåä¼ííàÿ ìíîþ ìåòðèêà (

êâàíòîâûé óãîë) èçâåñòíà ìàòåìàòèêàì ñ 1904 ã. êàê ìåòðèêà Ôóáèíè-
Øòóäè.
2. Ïðàâèëüíîå

ñîîòíîøåíèå íåîïðåäåë¼ííîñòåé (íà ñàìîì äåëå, ñîîòíîøåíèå îïðåäåë¼ííîñòè) äëÿ âåëè÷èí
ýíåðãèÿ - âðåìÿ áûëî âïåðâûå ïðåäëîæåíî Ìàíäåëüøòàìîì è Òàììîì [2℄.
3. Ìàíäåëüøòàì è Òàìì èçó÷àëè êâàíòîâóþ ñèñòåìó â ïðåäñòàâëåíèèØð¼äèíãåðà, à òàêæå íå èñïîëüçîâàëè
òåîðåòèêî-ãðóïïîâûå ìåòîäû. Ïîýòîìó èì íå óäàëîñü ïîíÿòü, ÷òî èõ ðåçóëüòàò èìååò áîëåå îáùèé
õàðàêòåð.
4. ß æå èñïîëüçîâàë òåîðåòèêî-ãðóïïîâûåîðìóëèðîâêè. È ïîäðàçóìåâàë, ÷òî ñèñòåìà ìîæåò, â ÷àñòíîñòè,
èçó÷àòüñÿ â ïðåäñòàâëåíèè ðåëÿòèâèñòñêîãî êàíîíè÷åñêîãî êâàíòîâàíèÿ [4℄. Ýòî ïîçâîëèëî ìíå ñîðìóëèðîâàòü
ïðèíöèï îïðåäåë¼ííîñòè è ïðåäëîæèòü áîëåå îáùèå íåðàâåíñòâà.
Íåêîòîðûå ìîè êðèòèêè îòêàçàëèñü âåðèòü, ÷òî ïðèíöèï íåîïðåäåë¼ííîñòè åéçåíáåðãà äåéñòâèòåëüíî ÿâëÿåòñÿ
ñëåäñòâèåì ïðèíöèïà îïðåäåë¼ííîñòè. Îíè çàÿâèëè, ÷òî

ýòîãî íå ìîæåò áûòü, ïîòîìó ÷òî ýòîãî íå ìîæåò
áûòü íèêîãäà.
Òåì íå ìåíåå, ýòî òàê è åñòü. È çäåñü ÿ äàþ áîëåå ïîäðîáíîå îáúÿñíåíèå.
Âûâîä ïðèíöèïà íåîïðåäåë¼ííîñòè. Äîïóñòèì, ó ðàññìàòðèâàåìîé êâàíòîâîé ñèñòåìû íàì óäàëîñü
íàéòè íåêîòîðóþ íàáëþäàåìóþ X , êîòîðóþ ìîæíî â òîì èëè èíîì ñìûñëå ñ÷èòàòü å¼

îïåðàòîðîì êîîðäè-
íàòû.
Áóäåì ïîëàãàòü, ÷òî X  ñàìîñîïðÿæ¼ííûé îïåðàòîð ñ íåïðåðûâíûì ñïåêòðîì, X = X∗ . Îáîçíà÷èì Ω(a,b)
åãî ñïåêòðàëüíûé ïðîåêòîð
1
äëÿ ïðîèçâîëüíîãî âåùåñòâåííîãî èíòåðâàëà (a, b) .
Äîïóñòèì òàêæå, ÷òî èìååòñÿ ñàìîñîïðÿæ¼ííûé îïåðàòîð P , P = P ∗ , òàêîé, ÷òî äëÿ ëþáûõ a , b è δx
èìååò ìåñòî ðàâåíñòâî:
e+ i δx P/~ Ω(a+δx,b+δx) e
− i δx P/~ = Ω(a,b) ,
ò. å. P ÿâëÿåòñÿ

ãåíåðàòîðîì ñïåêòðàëüíûõ ñäâèãîâ äëÿ X . Êàê èçâåñòíî, òàêèì îïåðàòîðîì îáû÷íî
ÿâëÿåòñÿ îïåðàòîð èìïóëüñà.
Ïóñòü òåïåðü ñèñòåìà íàõîäèòñÿ â ñîñòîÿíèè 〉 , 〈 | 〉 = 1 .
Âåëè÷èíà 〈Ω(a,b) 〉 , î÷åâèäíî, îïðåäåëÿåò âåðîÿòíîñòü íàéòè ñèñòåìó âíóòðè èíòåðâàëà (a, b) . Îïðåäåëèì
òàêèå l è r , ÷òî
〈Ω(−∞,l) 〉 = 〈Ω(r,+∞) 〉 = 12 − 12
√
1− cos2 1 ≈ 0, 07926 . . .
∗
http://daarb.narod.ru/ , http://wave.front.ru/
1
ðóáî ãîâîðÿ, ñïåêòðàëüíûé ïðîåêòîð  ýòî îïåðàòîð, çàíóëÿþùèé âîëíîâóþ óíêöèþ â X -ïðåäñòàâëåíèè âíå äàííîãî
èíòåðâàëà.
1
Ëåãêî âèäåòü, ÷òî l è r ñóùåñòâóþò2. Ïðè ýòîì âåëè÷èíó δ〉X = r − l âïîëíå åñòåñòâåííî ìîæíî íàçâàòü

íåîïðåäåë¼ííîñòüþ êîîðäèíàòû X .
Ò å î ð å ì à. Èìååò ìåñòî íåðàâåíñòâî (ïðèíöèï íåîïðåäåë¼ííîñòè):
δ〉X∆〉P > ~ (1)
Äëÿ äîêàçàòåëüñòâà ýòîé òåîðåìû îöåíèì âíà÷àëå ñêàëÿðíîå ïðîèçâåäåíèå âåêòîðà 〉 è ñäâèíóòîãî âåêòîðà
e− i δ〉X P/~ 〉 : ∣∣ 〈 | e− i δ〉X P/~ 〉 ∣∣ = ∣∣ 〈 (Ω(−∞,r) +Ω(r,+∞) ) e− i δ〉X P/~ 〉
∣∣ =
=
∣∣ 〈 Ω(−∞,r) e− i δ〉X P/~ 〉 + 〈Ω(r,+∞) e− i δ〉X P/~ 〉
∣∣ 6
6
∣∣ 〈 Ω(−∞,r) e− i δ〉X P/~ 〉
∣∣ + ∣∣ 〈Ω(r,+∞) e− i δ〉X P/~ 〉
∣∣ =
=
∣∣ 〈 (Ω(−∞,r))2 e− i δ〉X P/~ 〉
∣∣ + ∣∣ 〈 (Ω(r,+∞))2 e− i δ〉X P/~ 〉
∣∣ =
=
∣∣ 〈 Ω(−∞,r) e− i δ〉X P/~ Ω(−∞,l) 〉
∣∣ + ∣∣ 〈Ω(r,+∞) e− i δ〉X P/~ Ω(l,+∞) 〉
∣∣ 6
6 〈Ω(−∞,r) 〉1/2 〈Ω(−∞,l) 〉1/2 + 〈Ω(r,+∞) 〉1/2 〈Ω(l,+∞) 〉1/2 =
=
√
1
2 +
1
2
√
1− cos2 1 ·
√
1
2 − 12
√
1− cos2 1 +
+
√
1
2 − 12
√
1− cos2 1 ·
√
1
2 +
1
2
√
1− cos2 1 = cos 1 .
Çäåñü ïðè ïåðåõîäå ñ ïÿòîé íà øåñòóþ ñòðîêó ìû îöåíèëè îáà ñëàãàåìûõ ñ ïîìîùüþ íåðàâåíñòâà Êîøè-
Áóíÿêîâñêîãî-Øâàðöà.
Òàêèì îáðàçîì, äëÿ êâàíòîâîãî óãëà ìåæäó èñõîäíûì è ñäâèíóòûì âåêòîðàìè èìååì îöåíêó:
∠
( 〉 , e− i δ〉X P/~ 〉 ) > 1 .
Íî ýòî îçíà÷àåò, ÷òî ïîä äåéñòâèåì e− i δ〉X P/~ âåêòîð 〉 ìåíÿåòñÿ ñóùåñòâåííî [1℄.
Ïðèìåíÿÿ ïðèíöèï îïðåäåë¼ííîñòè [1℄, íåïîñðåäñòâåííî ïîëó÷àåì (1). 
Îáñóæäåíèå. Èñòîðè÷åñêè ñëîæèëîñü òàê [5℄, ÷òî ñåé÷àñ âî âñåõ ó÷åáíèêàõ ïðèíöèï íåîïðåäåë¼ííîñòè
åéçåíáåðãà èëëþñòðèðóåòñÿ ñ ïîìîùüþ íåðàâåíñòâà Êåííàðäà,
∆〉X∆〉P >
~
2
,
êîòîðîå íå ÿâëÿåòñÿ òîæäåñòâåííûì (1). Åãî íåñîìíåííîå äîñòîèíñòâî ñîñòîèò â òîì, ÷òî åãî äîêàçàòåëüñòâî
ëåã÷å ïîíÿòü ÷åëîâåêó, êîòîðûé âïåðâûå íà÷èíàåò èçó÷àòü êâàíòîâóþ ìåõàíèêó. Îäíàêî, ÿ âñ¼ æå ïîëàãàþ,
÷òî (1) ÿâëÿåòñÿ áîëåå óíäàìåíòàëüíûì.
Áëàãîäàðíîñòè. Â çàêëþ÷åíèå õî÷ó ïîáëàãîäàðèòü Ò. À. Áîëîõîâà, À. Â. Îñèïîâà, Å. Â. Àêñ¼íîâó,
À. Þ. Òîùåâèêîâó, À. Êëåéíà, Ì. àòòè, À. Ê. Ïýòè è Ï. Ýíäåðñà çà ïîëåçíûå äèñêóññèè, ëèòåðàòóðíûå
óêàçàíèÿ è ïîìîùü â äîáûâàíèè ëèòåðàòóðû.
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